Chapter 5

Dynamic Fracture Analysis of Composites

5.1 INTRODUCTION

5.1.1 Dynamic fracture mechanics

5.1.2 Dynamic fracture mechanics of composites

5.1.3 Dynamic fracture by XFEM

5.2 ANALYTICAL SOLUTIONS FOR NEAR CRACK TIPS IN DYNAMIC STATES

Consider a crack in an anisotropic body with general boundary conditions which is
subjected to arbitrary forces, as depicted in Fig. 5.1. In addition to global Cartesian co-
ordinates (X,, X,) , local Cartesian co-ordinates (x,y) and local polar co-ordinates (r, &)
are defined on the crack-tip.

5.2.1 Analytical solution for a propagating crack in isotropic material

Sih (1968), Sih and Irwin (1970) and Freund (1990) developed the main asymptotic
solution for dynamic analysis of propagating cracks in isotropic materials. Later, Nishioka
and Atluri (1983, 1984) and Swenson (1986) used the same formulation to present a
unified fashion for all fracture modes. Accordingly, the asymptotic displacement field in
the local crack tip coordinate system (x,y) in terms of the dynamic stress intensity factors
K, and K, can be written as:
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Figure 5.1 An arbitrary orthotropic body subjected to traction t and arbitrary boundary
conditions in a state of elastodynamic equilibrium.
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o,, 1S zero for plane stress problems, whereas it takes the following form for plane
strains,
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where cy and c, are the dilatational and shear wave speeds, respectively,
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Cq :‘/—# (5.10)
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and £ and A are the Lame coefficients and p is the material density. (r;, @) are defined
from the following equation (i* = -1),

rjei‘gj =x+iBjy,j=d,s (5.12)
or more explicitly,

rg =X+ iy’ (5.13)



186 XFEM Fracture Analysis of Composites

12 =x*+ p2y° (5.14)
tand; = S tand (5.16)

5.2.2 Asymptotic solution for a stationary crack in orthotropic media

The contracted form of the Hooke’s law between linear strain &, and stress o, in an
arbitrary linear elastic homogeneous material can be written as

€q =CopOp (o, p=1-6) (517)

where coefficients c,; are defined in (4.8) and (4.12) (see Section 4.2.1).

The displacements and stress fields in the vicinity of the crack-tip, which were elicited
by Sih et al. (1965) in terms of mode | and mode Il stress intensity factors, K, and K, ,
respectively, have been defined in Egs. (4.36)-(4.45) in terms of the roots
(Sk = Skx +iSky, k =1,2) of the characteristic equation (4.22)

1154 — 20683 + (2615 + Cgg)52 — 20065 + Cpp = 0 (5.18)
and variables p, and g, as defined in (4.29) and (4.30), respectively,

Pk =C145¢ + 10— CreSk (5.19)

= = . b2
Ok = C125¢ +§——Cze (5.20)
k

5.2.3 Analytical solution for near crack tip of a propagating crack in orthotropic material

The elastodynamic equilibrium equation in the absence of body forces for an orthotropic
material, where the material axes are assumed coincident with the local (x,Yy) coordinate
system, can be obtained from the extension of inplane elastostatic equations (4.34) and
(4.35): (Piva and Viola, 1988, Brock et al., 2001 and Federici et al., 2001)

o%u o%u o%u o%u
dllaT;+d668y_;+(d12+d66)6X_8;:pat_2X (5.21)

o%u o%u 82u 2%
d56572y+d225y_2y+(d12+d66)5x_a;:p atzy (5.22)
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Now consider the crack moves with the constant velocity v, along the local X axis
(x=X-vtandy=Y). The equilibrium equations can be transformed into the moving
coordinate system in terms of the new complex variable z=x+my (see Fig. 5.2) using
the linear elastic orthotropic constitutive equations (4.31)-(4-33): (Lee et al., 1996)
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Figure 5.2 Definitions of the dynamic crack propagation under mode | and Il loading
conditions (Lee et al., 1996).

Lee et al. (1996) proposed a method to obtain the solution for a crack which is
propagating with constant velocity. The near crack tip displacement fields for a mixed
mode dynamic propagating crack can then be expressed as (for details see Lee et al.,
1996):

0, =K, /ﬂ Re [pzsl,/cos49+mzsin0—plsz,/cosf)+mlsin9]
T

b+ pvé (e - 011)] (s1-52)

+K,,\/zRe [pz\/0059+m25in6'—pl\/c039+mlsin9]
T

(s1-52)

(5.25)
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and the near crack tip stress components are described as:
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where p;, ¢; and s; are defined as:
p = 011[1+ ml2 + Pch(Clz - sz)] + C12b+ Pch(Clz - Cll)] (5.30)

P, = C11[1Jr m% + PVg (012 - C22)] + 012[1+ PVS (012 - 011)] (5.31)

G = Clzb+ ml2 + PVc2(012 —022)] +szb+ PVcZ(Clz —011)]
m

(5.32)
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Sp =My — ﬂVc2C22 /my — mzPVSCll + szé(cllczz - Clzz)/ m; (5.35)

Coefficients m; (j=1.2) are calculated from the following characteristic equation:
(m* +2B,,m? + Bgg) =0 (5.36)

where B,, and Bgg are defined as:

1
2By, 201_[2012 +Co + Ve (CF2 — C11Co6 — C11C22) (5.37)
1

1
Bes = 01_{ Cop+ PVe [0122 —~Cyses — C11Can + PVeCap(Cr1Cr — 0122)] } (5.38)
1

5.3 DYNAMIC STRESS INTENSITY FACTORS

Several methods have been proposed for computation of stress intensity factors. They
include formulations proposed by Nishioka nad Atluri (1984), Freund (1989), Dongye and
Ting (1989), Aliabadi and Sollero (1998), Wu (2000) and Kim and Paulino (2002c), etc.

5.3.1 Stationary and moving crack dynamic stress intensity factors

Dynamic stress intensity factors, which play an important role in dynamic fracture
problems, are used to calculate the maximum hoop stress intensity factor and to evaluate
dynamic crack propagation properties.

Freund (1972) obtained the ideal mode I and Il dynamic stress intensity factors for a
stationary crack subjected to normal and shear incident plane stress pulse with a jJump in
stress of magnitude o, and z,, respectively, (Freund, 1989)

K,(0,t) =12_i31/@ (5.39)

2c t

K“ (O,t) = 270 7[(1_1/)

(5.40)

Egs. (5.39) and (5.40) can be extended to moving crack tip problems by (Freund 1972)
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K (Ve,t) = £, (Vo) K, (0.) (5.41)
K (Ve,t) = if (v¢) Ky (O,1) (5.42)

where £, and f{ are universal functions of the crack tip speedv,, which can be
approximated for isotropic problems by (Freund, 1972 and 1989)

f (V) = (5.43)

(5.44)

where cg, is the Rayleigh wave speed, which is the positive root of the following equation (
Destrade, 2007),

2
d
i (A1 —cR) = P22 (do —¢#)* (dgs —CR) (5.45)
66
where
dfy
do=0dy; ——= (5.46)
d22

Equation (5.45) for isotropic problems is reduced to (Pichugin et al., 2008)

8(2-v) , 8 Cr
Chs———=0 ,Cr =2
T, SR T R G (5.47)

co —8Chs+
with a final approximate solution for cg by Bower (2012),
Cr =Cq [0.87570.2%0.05(1/+o.25)3 (5.48)

5.3.2 Dynamic fracture criteria

The dynamic crack propagation law should realistically be chosen based upon the type of
simulated or experimented material. Despite the fact that simulation of dynamic brittle
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crack propagation remains a difficult challenge, numerical modeling of fracture
phenomenon can be performed by relatively simple concepts. First, a criterion is required
to describe the state of stability of an existing crack. Then, a rule is needed to anticipate
the propagation direction, if the crack becomes unstable. Finally, another equation is
necessary to specify the crack propagation speed (Gregoire et al., 2007).

The main idea is to compare the stress intensity factor with the dynamic crack initiation
toughness to evaluate the crack stability/instability. The dynamic crack initiation
toughness is a material property and can be obtained by experiment. If the crack violates
such a stability criterion, it starts to propagate and the direction of propagation is
evaluated from a propagation criterion such as the maximum hoop stress (Maigre and
Rittel, 1993).

During the crack propagation, the crack speed adapts its value in a way to make the
maximum hoop stress intensity factor become equal to the dynamic crack growth
toughness. To evaluate the dynamic crack growth toughness, Kanninen and Popelar
(1985) proposed to replace the quasi-static toughness by the dynamic crack initiation
toughness. In this method, the dynamic crack growth toughness is considered to be
(Gregoire et al., 2007):

Ky <K& :stablecrack
K (t,0) =K :initiation at 6 = 6, (5.49)
K (Vo) = KIS = K (t,ve) = K2 (V,) : propagation

where K, is the dynamic maximum hoop stress intensity factor, K,dC is the dynamic
crack initiation toughness and K E is the dynamic crack growth (propagation) toughness
(Gregoire et al., 2007 and Elguedj et al., 2009)

d
KB (Vc) = Kl\j (5.50)
%)

V. can be elicited from (5.49) and (5.50) on propagation (Freund (1972,1990), Freund
and Douglass (1982) and Rosakis and Freund (1982)):

o =cq|1- K
c=CR K (5.52)

tt

Alternatively, Menouillard et al. (2010) have used the following approximation

K
Ve =Cg 1—(ﬁ] (5.52)
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The maximum hoop/circumferential stress criterion (Section 4.4.4.1) or the minimum
strain energy density criterion (Section 4.4.4.2) can be used to determine the propagation
angle.

5.3.3 J integral for dynamic problems

The analytical form of dynamic J integral (Jlij ) in the global coordinate systemk =X,Y
developed by Nishioka and Alturi (1984), for an infinitesimally small internal contour Iy
can be written as:

I8 = Jlows +wy ) —tius Jdr+ (ot = £2)u; = ot s A
K rﬁc )k~ AL& k= Pl }j (5.53)

where u;, t; and f° denote the displacement, traction and body force, respectively Ny
is the component of normal outward vector n=(ny,ny ) and the integral paths I, I", and
I'.denote near-field, far-field and crack surface paths, respectively. A-and A, are the
regions surrounded by /" and I , respectively (Fig. 5.3). The strain energy density w, and
the kinetic energy density wy are defined as,

1

Wy :E‘Tijgij (5.54)
1 ..

Wy =EPUiUi (5.55)

J integral domain

Figure 5.3 Definitions of crack path contours and the local crack tip coordinates for
evaluation of the J integral.

5.3.4. Domain integral for orthotropic media
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Kim and Paulino (2003d) proposed an equivalent form of Eq. (5.53), using the divergence
theorem and some additional assumptions for homogeneous materials, which is better
suited for the finite element method (in the global systemk = X,Y ),

{(O-u ik (W +Wd)):] dA+I((pu| f )ulk ,DU,kU )qu (5.56)

where q is a smooth function, assumed q=1 inside A and varying linearly from 1 at I}
near the crack-tip to q=0 at the exterior boundary ", as discussed in Section 2.7.4.
Noting that the value of q is constant near the crack-tip area, the gradient of g vanishes
inside A, .

It should be noted that in a general transient analysis, potential oscillations of U; may
affect the quality of J integral computations through Eq. (5.53) or (5.54). Fortunately, this
is not the case for dynamic analysis of stationary cracks. Among several investigations on
this issue, Gregoire et al. (2007) have performed an extensive study on stability of
dynamic fracture mechanics and conservation of energy. They showed that utilising the
Newmark’s implicit mean acceleration approach combined with enriching the cracked
elements will provide sufficient accuracy for finding u; , U; , G; and so the J integral.

5.3.5 Interaction integral

Evaluation of mixed mode J integral and associated stress intensity factors in XFEM is
usually performed by means of interaction integral methods. Since the interaction integral
method requires several auxiliary field components, equations of dynamic near-tip
displacement and stress fields in orthotropic materials have to be derived in order to
extract the required auxiliary displacement and stress fields. Moreover, more complex
computations are required to calculate ‘auxiliary velocity’ and ‘auxiliary strain velocity’
fields especially in orthotropic media. These require a substantial theoretical and
simulation experience and cost.

The general form of dynamic interaction integral for a moving crack can be defined as
(Suo and Combescure, 1992, Attigui and Petit, 1997 and Rethore et al., 2004)

Md(t):l,f[(o-ljlxu —oju |al )n - puu | i cp(ululafx"'u |1)nl]dr
(5.57)
Zaj[p(uluf‘fx+ua”"u,l)dA

Neglecting the effect of crack tip velocity, the equivalent domain form of the dynamic
interaction integral can be written as (Rethore et al., 2005c, Gregoire et al., 2007,
Combescure et al., 2008 and Elguedj et al., 2009)

M @) =~ loaun, - 0625y o5 uy oo 0a
A[ au - aux sauxs . -aux] (558)
+2[ o Ui + P+ PR+ PR [ o dA
A
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Evaluation of the dynamic stress intensity factors K, and K, from the M ¢ integral for
isotropic problems can be performed from (Menouillard et al., 2010).

2
M0 = 27111 (Ve K, Ky (v K K (5.59)

by setting Ki**=1K{"*=0and K{"=0,K{"*=1 , respectively. Functions f,(v,) and
f1(v,) are defined as

_ 4B (1-52)

fI(VC)_—(K+1)D(vC) (5.60)
_AB,0-57)

fu(ve) = (x+1)D(v,) (5.61)

It should be noted that evaluation of the interaction integral requires careful attention as
the main fields are usually obtained from the finite element solution in a crack-
independent global or local coordinate system, while the auxiliary fields are defined in the
local crack tip polar coordinate system. Therefore, necessary transformations are required
to use a unified coordinate system.

5.3.6. Crack-axis component of the dynamic J integral

Computation of J¢ from (5.56) is usually less affected by the way the crack tip is
modelled, whereas JJ is sensitive to modelling of the crack tip duo to the singularity of
W, + Wy in evaluation of J{ . To overcome this difficulty in the direct method, Nishioka
et al. (2001), adopted the component separation method.

The local crack-axis (tangential) components (J) of the dynamic J integral, which
corresponds to the rate of change in the potential energy per unit crack extension (G), can
be evaluated by the following coordinate transformation (Kim and Paulino, 2003d and
Nishioka et al., 2001):

I = (6) I8  k=X,Yand I =x,y (5.62)
where ai is the coordinate transformation tensor and g, is the crack angle with horizontal
axis. Wu (2000) showed that the dynamic energy release rate G can be related to the
instantaneous stress intensity factors for an elastodynamic self-similar propagating crack
with the velocity v, ,

G=30=3%cosby+Jsing, (5.63)

5.3.6.1 Isotropic formulation
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The displacements of crack edges (u™,u™) for each loading mode can be calculated by
transforming the numerically computed displacement field into the local polar crack tip
coordinates (X, y),

5 =U;;—U)_, (5.64)

Nishioka and Atluri (1980a,b, 1984) illustrated that while G can be computed from
(5.63) for linear and nonlinear elastic homogeneous or inhomogeneous materials, the
stress intensity factors for homogenous linear elastic materials can be obtained from the
following equations,

1
K =5, @upDWNL |* (5.66)
Po Q- )62, + 554
1
K, =3 (Z,Uﬂd D(Vc))‘];j ? (5.67)

P NGB+ 53
5.3.6.2 Orthotropic formulation

Now, the extension of the method to orthotropic media is explained. Beginning with the
definition of G (Kim and Paulino, 2003d)

1, 71,-
G:EKTL Yv)K (5.68)

where L(v.) has been presented by Dongye and Ting (1989) for orthotropic materials
with the symmetry planes coinciding with the coordinate planes, and K includes the stress
intensity factors.

The nonzero components of L(v,) are:

1
Vdged2s Lyy(ve) = {dfideg Lop(ve) = Q¥ 2 (5.69)
where dg =d; —pvczéij ,

Q= (dfidy, — d)y dgedss — pVideey/diidy, (5.70)
W = (y/dgedes +1 df1d,)? — (dyz + dgg)? (5.711)

To accurately evaluate the in-plane mixed-mode stress intensity factors from the
dynamic J integral, the component separation method, proposed by Aliabadi and Sollero

d;; are the constitutive coefficients defined in (4.10) and
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(1998), is implemented. The method is based on the following relationship between the
dynamic stress intensity factors and the relative sliding and opening displacements of the
crack face:

{2.}: [%J {2?1 ZZHE:.} (5.72)

T o (5.73)
AQl: |m[32(il_flq2]’A22: |m[(11_32j
S S

1~ S2

where 5, p, and g, are defined in Egs. (5.18)-(5-20). The ratio of opening to sliding
displacements, R, can be written as:

o Ao 1K + ApKyy
R. = o _ Pl
° o AuK+ARK, (.74)

Therefore, the ratio of dynamic stress intensity factors, R, , is obtained as:

K R, - A
R =—L =—d72L 722 Po1 = Ao (5.75)
K An+RsAn

Substitution for K, from Eg. (5.75) into Eq. (5.74) leads to the following relationship
forK,:

2G
Ky = \/ > (5.76)
Li1(Ve)Ri + Loa(Ve)

5.3.7 Field decomposition technique

Decomposition of displacement and stress fields into two independent symmetric and
anti-symmetric modes, as described in Section 2.5.5, can also be used in combination with
the analytical solutions of Section 5.2.3 to compute the stress intensity factors. This is
considered as a direct approach of determining the stress intensity factors either on a
locally symmetric mesh around the crack, or based on symmetric points with respect to
the crack direction on any arbitrarily generated mesh. For further details see Nishioka and
Atluri, 1984,
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5.4 DYNAMIC XFEM
5.4.1 Dynamic equations of motion

Consider a body Q with an initial traction-free crack in the state of dynamic equilibrium,
as depicted in Fig. 5.1. The fundamental elastodynamic equation can be expressed as:

V.e+f°=pii (5.77)

with the following boundary conditions:

u(x,t)=u(x,t) onlrly (5.78)
o-n=f"" onr, (5.79)
c-n=0 on/l (5.80)

and initial conditions:
u(x,t =0)=u(0) (5.81)
u(x,t =0) = u(0) (5.82)

where 71, I'yand [ are traction, displacement and crack boundaries, respectively; ¢ is
the stress tensor and f°and f'are the body force and external traction vectors,
respectively.

The variational formulation of the initial/boundary value problem of Eq. (5.77) can be
written as:

[opii-6u dQ+[ 658 da= f°-5u dQ+[ f'-su dr (5.83)

5.4.2 XFEM discretisation

Assuming a discontinuity (a crack) within an independent finite element mesh, the
displacement field for any typical point X inside the domain can be written in terms of
the classical finite element approximation and the XFEM enriched fields (see Section
3.4.3):
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u"(x) =u(x)+u (x) +u'P(x)

n mh
:|:2Nj(x)uj:|+|:hz‘,Nh(X)(H(x)H(Xh))ah:|
i ]

(5.84)

+{§Nku{ghﬂm—deﬂbQ}

where N; is the shape function associated with the nodei,H(x)is the Heaviside
enrichment function and F(x) are crack tip enrichment functions.u;are the
displacement degrees of freedom, and ajand bl are additional Heaviside and tip
enrichment degrees of freedom, respectively.

The discretised form of Eqg. (5.83) using the XFEM approximation (5.84) can be written
as:

MU + Kuh =f (5.85)
where u" and " denote the vector of nodal parameters (displacements U , Heaviside and
crack tip enrichment degrees of freedom a and b, respectively) and its second time
derivative, respectively:

u"={u,a,b}’ (5.86)

a" = {o,8,6]" (5.87)

The stiffness matrix K, mass matrix M and the external load vector f are defined as:

K K KP
KE=| K& Kie K (5.88)
K KPE KPP

b
M MR MY
M =| M3 M2 M (5.89)
VI VS Vi

fi = {fiu vfiarfib }T (5.90)

The stiffness components Kirjs (r,s=u,a,b) include the classical FEM (uu),
Heaviside enrichment (aa), orthotropic crack tip enrichment (bb) and the coupled parts of
XFEM approximation:
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K{f:jﬂe(B{)TD BSdQ (r,s=u,ab) (5.91)

where BY,B? and BP are matrices of derivatives of shape functions, defined in equations
(3.49), (3.50) and (3.51), respectively.
Classical and enrichment components of the consistent mass matrix can be expressed

as:
M :jQpNi N;dQ (5.92)
MR = [, oM (H @) - HEN(H© - Heg oo (593)
Mi° = [ A[Ni(F, - Fy )][Nj<Fa —Fy Jio  (2=1.2.3and2) (5.94)
M = M3 =[N NS () - HEg) oo (5.95)
MP =M =[N [Nj(F, - Fylde  (@=1,2,3and4) (5.96)

M = pINi(HE - HEN(F, - Fylde  (@=1.23a2d4)  (5.7)

The diagonal mass matrix can be computed by the lumping technique proposed by
Menouillard et al. (2008).

Finally, the force vectors associated with the classical and enrichment degrees of
freedom are defined in (3.45)-(3.47):

:jﬂNif‘dijeNifbdQ (5.98)
=[ NiH@-HEIdr+ [ N[HE-H )P do (5.99)
jr (Fy —F)Jf'dr+[ . Ni(F, —F,;)f’dQ  («=1,2,3and 4) (5.100)

5.4.3 XFEM Enrichment Functions
5.4.3.1 Orthotropic crack-tip functions for stationary cracks

The following orthotropic crack-tip enrichment functions, derived by Asadpoure and
Mohammadi (2007), can be adopted for stationary cracks:
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{F, (r,H)}le = {\/Fcos%,lgl(e),ﬁcosg—zz,lgz ),
ﬁsin%,/gl(e),ﬁsin%,/gz(a)}

(5.101)

where r and ¢ define the crack-tip local polar coordinates, and g, (¢) and 60, ,(k=12)
are defined as:

G (0) = |/(cos 0+ 5, sin O + (5, sin o (5.102)
6, =arct Siy SN0
k =arcy c0S0 +5,, Sin 6 (5.103)

and § =S§,, +i§,, are the roots of Eq. (5.18).
In addition to static and quasi-static problems, the static orthotropic enrichments
(5.101) have already been used for analysis of stationary and moving cracks subjected to
dynamic loadings by Motamedi and Mohammadi (2010a,b).
5.4.3.2 Orthotropic crack-tip functions for moving cracks

In order to derive crack-tip enrichment functions from the analytical solutions (5.25) and
(5.26), the following polar transformation is adopted:

Z3% = ne'%* =r(cos@+m,sing) k=12 (5.104)

where n and g, (49) are defined as:

o=rgy(0) k=12 (5.105)
9 (0)= \/(cose+ My SinO) + (mky singf , k=1,2 (5.106)
P " m, sin & Kol 2
=arcg| ———————|, =1 .
: J c0s @+ my, sin @ (5107

and (r,6) are considered from the crack-tip position, as depicted in Figure 5.1. m,, and
myy are the real and imaginary parts of my (roots of Eq. (5.36)):

My =Re(my ) k=1,2 (5.108)

My, = Im(my ) k=1, 2 (5.109)
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Thereafter, the imaginary and real parts of the main displacement fields can be
rewritten as (Figure 5.2):

J(cos@+m, sin@), (k=1 2) (5.110)
|m(,/z;“) =r¥2 [g, () sing—zk k=12 (5.111)

Re(,lzfuxj =rt'2 [q,(0) cose—zk , k=12 (5.112)

Finally, the following dynamic orthotropic enrichment functions can be derived for
moving crack tip problems:

ROk, :{ﬁ cos%\/gl(e),ﬁ cos%z\/gz(e),
\/Fsin%,/91(6),\/Fsin%2,/gz(6’)}

(5.113)

where g, (0) and 6, (k =1,2) are defined in equations (5.106) and (5.107).

The present formulation can be used for modeling all groups of composites and is in
interestingly similar form as those presented in Asadpoure and Mohammadi (2007) but
with different definitions for parameters. These functions, in fact, can be degenerated to
static orthotropic enrichment functions developed by Asadpoure and Mohammadi (2007)
if dynamic effects are neglected. Similarly, these functions can be used for the special
case of isotropic enrichment functions of moving cracks, as proposed by Belytschko and
Chen (2004) and discussed in Section 5.4.3.3.

5.4.3.3 Isotropic crack-tip functions for moving cracks

Belytschko and Chen (2004) used the analytical asymptotic solutions (5.1) and (5.2) near
a propagating crack in an isotropic medium to develop the dynamic enrichment functions.
A simplified form of these functions can be written as,

R0, = {rd cos%d, I, cosg—zs, ry sin%", ry sin 9—25} (5.114)

where ry , r, , 6, and @, are defined in equation (5.13)-(5.16).

Alternatively, Kabiri (2009) proposed the following enrichment functions for dynamic
problems based on a simple idea of adding the influence of the crack tip velocity on
classical isotropic enrichment functions,
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2 2
{F| (rve)}ltl = {\/F cosg,ﬁsing,ﬁsin esing,ﬁcos fsin g}]f—yd erys (5.115)

with
2 v 2
74 :1—C—°25|n 0 (5.116)
d
2 v 2
2 :1—C—°25|n 0 (5.117)
S

Initial results have shown improved dynamic responses, but further investigation is
required to assess performance of (5.115) for general dynamic problems. For further
details see Kabiri (2009), Rezaei (2010) and Parchei (2012).

5.4.3.4 Propagating enrichments

It is important to change the additional degrees of freedom according to crack
propagation. As proposed by Combescure et al. (2008) and Rethore et al. (2005a) and
adopted by Motamedi and Mohammadi (2010a,b, 2012) for dynamic analysis of
stationary and moving cracks in orthotropic media, once the crack tip enters an element,
new tip enrichment DOFs are assumed for that element. Previous crack tip element
contains both set of Heaviside and crack tip DOFs from a previous step, but evaluated
from the present crack tip position (Fig. 5.4). As a result, the singularity effect is expected
to significantly reduce in previous crack tip element because of its larger distance from
the present crack tip position. Several numerical simulations have proved that this method
substantially reduces the usual oscillations in the dynamic response which are due to
sudden change of degrees of freedom. The method preserves the energy conservation,
allowing the acceleration to be reliable for evaluation of J integral and post-processing

purposes.
| crack—l.ip enr.iched nodes 8 6 3
1 crack-tip enriched elements [ B—
1ip.
B
& 4 mC 4

£l - 3 &
da A
2] 1 \ p \
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Figure 5.4 Crack tip enriched degrees of freedom for a propagating crack. Enrichments of
all tip enriched elements in successive time steps are based on the current position of X, .

5.4.3.5 Time variations of XFEM enrichment functions

Crack tip enrichment functions for propagating cracks (5.113)-(5.114) are functions of
time. As a result, time variations of these functions should be considered in discretising
the dynamic equilibrium equation (5.83).

Nevertheless, while many numerical solutions have considered the changing nature of
these functions in different time steps, several other simulations have been performed
without considering the time derivatives of crack tip enrichment functions, and good
results have been reported for most of the cases (Belytschko et al., 2003, Belytschko and
Chen, 2004, Rethore et al., 2005a, and Motamedi and Mohammadi, 2010a, 2010b, 2012,
etc.). In general, however, it is necessary to account for time derivatives of these functions
for problems with fast propagation patterns, and probably in high strain rates.

The crack tip enrichment part of XFEM approximation (5.84), utEiSr(x), is in fact a
function of time utEiSr(x,t) as it is a function of current position of the crack tip x;;,. For
a typical crack tip enrichment part of approximation (without shifting),

UET(x,1) = Zh(F B, (5.118)

Enr

the first and second time derivatives of ug, (x,t) can be computed from:

055" (60) = X GOF (0B 0+ Lk (OF (X DB ) (5.119)

ligp' (x,t) = Zk:¢k (OF (x,)by (1) +Zk:¢k (OF (x,t)by (1)

= . 5.120
+2;¢k (F(x, Dby (1) ( )

In order to demonstrate further steps of computation, assume one of the terms of isotropic
crack tip enrichment functions (3.31) in crack tip local coordinates, F(r,8) = Jrsino/2.
Therefore, for a typical point x with respect to the time dependent crack tip coordinate
Xiip(t) (in terms of global coordinates)

F(r,0)=F(x.t) :"x—xtip(t)"%sing (5.121)

and its time derivatives become (Menouillard et al., 2010),

F(X,t) ==X, () VF(r,0) (5.122)

F (1) =X OVF (r,0) 0] V2F (r,0) (5.123)
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As a result, Eq. (5.85) is modified to: (Menouillard et al., 2010),
Mi" + Ku = f —fP —£0 —fP (5.124)

where newf?, £2 and f2 vectors appear in addition to the original tip enrichment force
vector £, as defined in (5.100),

flb:7QeNiNjifadQ]bJrD'QeZNiNjFadQ}b ,a=1-4 (5.125)
fzb=_IQ(NiHi)(Njiiod)dQ}b{J'QZ(NiHi)(NJ—I':m)dQ}b a=1-4 (5.126)
f§’=_J'Q(NiFai)(Njifaj)dQ}bJrUQZ(NiFai)(le':aj)dQ}b a=1-4 (5.127)

Equations (5.125)-(5.127) can be extended to their shifted forms similar to the procedure
used in original definitions (5.99) and (5.100). It is also noted that the derivatives F(x,t)

and F(x,t) vanish when there is no propagation, Xiip=0. As a result, Eq. (5.124)

reduces to the original form of (5.85).
5.4.4 Time integration schemes

There are a number of time integration techniques that are frequently used in various
dynamic problems. They include the explicit and implicit approaches and span a wide
range of solutions associated with different complexity, speed, efficiency and accuracy.
While the explicit approach is simple and fast, it is less accurate and suffers from stability
conditions. On the other hand, implicit approaches are generally more accurate and stable,
but they are computationally more expensive. General single time step algorithms are
usually based on residual formulations (the time finite element method) or the truncated
Taylor series (Rezaei, 2010).

SSpj (single step with approximation of degree p for equations of order j) methods and
GNpj (generalized Newmark with degree p and order j) methods generate a wide range of
time integration schemes, such as the Euler method, the Crank-Nicolson approach, the
Galerkin formulation, the Newmark method and the backward finite difference
formulation (Zienkiewicz et al., 2005 and Rezaei, 2010).

Here, only two methods are briefly reviewed. First, the classical Newmark approach is
briefly presented and then the concept of time-discontinuity is embedded within an
extended finite element method, resulting in a space- time XFEM (STXFEM).

5.4.4.1 Newmark time integration



Dynamic Fracture Analysis 205

It is possible to similarly extend the formulation (5.85) to include the effects of velocity
based global damping,

MU +cul + Ku" =f (5.128)

The Newmark time integration scheme can then be adopted to solve for the extended
finite element equation of motion at time step N :

I\/Il'jﬂ +Cuﬂ +Ku2 =f, (5.129)

where M, K and C are the mass, stiffness and damping matrices, respectively, and f, is
the load vector at the time step N . The final time-discretised simultaneous equations are
expressed as:

2
(M + pat?K + aatcal =, - K(uﬂl LAt +(1—2ﬂ)%uﬂl}

(5.130)
—cluh, +@-a)atit )

al =al, + (- a)atih, + eAtil (5.131)

h_,.h -h _ &znh 2::h

ul =uh, +atal, +(1-2p) 5 Una + ALy (5.132)

where u,, U, and U, are the global vectors of nodal displacements, nodal velocities and
nodal accelerations, respectively. At is the time increment at the present time step and the
Newmark’s parameters are chosen to be £ =1/4 and « =1/2 to fulfil the unconditionally
stable criterion.

5.4.4.2 Space-time XFEM (STXFEM)

The space-time extended finite element method provides a time integration approximation
which guarantees continuity of displacements u in time, generates linear variations of
velocity field v which can become discontinuous at each time step, and ensures
satisfaction of u = v (Rethore et al., 2005b).

In this section the method proposed by Rethore et al. (2005b) is briefly presented.
Using the partition of unity concept to approximate the velocity field v(t) leads to
(Rethore et al. , 2005 and Chessa and Belytschko, 2004):

N M
V(D) = YAV + Y DA OHE-t)) Vi (5.133)

i=0 j=0 ieT;

where v{ are classical velocity degrees of freedom, Vie' j are additional degrees of freedom,
A jis the time interval shape function, H(t—t;) is the Heaviside enrichment function to
resemble the potential discontinuity in time (see Fig. 5.5) and T; is the time interval that is
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enriched by the enrichment function H(t—t;) . T; at each time step is limited to only that
step and H (t —t;) vanishes for times beforet;, so A ;is defined in the [tH,th time
interval. Therefore, within the time interval I, =]t ;t,,,[, only the Heaviside
enrichment H (t —t,,) remains present.

H(t-t,)
~ ~ /,’/ T~

A, (D) ~~ - RS

n(D) ~ .- Ay (D)
-7 ~

/’/ \

// \

I, Lyt 1

Figure 5.5 Linear shape functions and the Heaviside function within the time interval
1.1 (Rethore et al., 2005b).

Velocity and displacement fields can now be defined from their continuum and
enriched parts,

v(t) = vO(t) + ve(t) (5.134)
u(t) =u(t) +u(t) (5.135)
where
VE(t) = VRAL (1) + ViaAnu (t) (5.136)
VE() =vigA, (OH(t-t,) (5.137)
and
.-t
Ap(t) ="— (5.138)
tn+1 _tn
-t
Apa(t)= P (5.139)

Intentionally, me has been replaced by v§_; to insist that it has to be evaluated from the
solution in I,,,, time step.

In order to satisfy the conditionsu=vandu(t))=u(t,)at each time step, the
displacement field is obtained as,

() = ut + f:n Ve(r)dr (5.140)



Dynamic Fracture Analysis 207

ue(t) =ut +j: Vé(r)dr (5.141)

and the weighted residual form of the equation of motion in time step I,,,, can be written
as,

[ wet) () + ku(t) it + w(t)mve., = [ wF @)t (5.142)

Two independent set of weightings have to be considered to account for additional
degrees of freedom. The discrete form of (5.142) can be written as (Rethore et al., 2005b),

U, =HoUy +Fyy (5.143)
Up
ue
T — n
U, = g (5.144)
Vi
1 0 At 0
2
m,=| © 1 0 0 (5.145)
—Atk —Atk m+(8,-7)At%k 0
—~Atk —Atk m+(B,—y,)At%k 0
10 -4 0
2
At
m =01 0 > (5.146)
0 m+pBAtk (6, -)m+(y, - f)At%k
0 m+B,At%k (8, )M+ (7, — B,)At%k
0
. 0
= 5.147
"] A 1)y + i) (5147

At[(l_ 72)fn + 72fn+1]

and

1 ;. 1 2
203 Ej; 1wi(t)dt=Fjn+ fw (1)t —t)dt (5.148)
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1, 1
% EL; w, (t)dt:qu fwg ()t -ty dt (5.149)

1
S bW dt=wi () (5.150)

The solution procedure consists of evaluation of unknown variables v§,; , V5,1, U,y
and ug,, from the known values of v , v§ ,uf anduf at each time step. Six parameters
{/ﬁ,yi,a‘i J =L2} are determined from Eqgs. (5.148)-(5.150), which need proper selection
of weight functionsw;,i=12to achieve the optimal solution (such as (5.152) and
(5.153)).

The constant piecewise acceleration within the time interval I,,,, is obtained from the
derivative of (5.140) and (5.141)

1
at) =an, :E(Vh Vi —VE) (5.151)

STXFEM can be degenerated to the discontinuous Galerkin time integration scheme (Li
et al., 2003) by setting,

W =4, (5.152)
Wy =Ana (5.153)

where 4, and A4, are determined from (5.138) and (5.139). The resulting
{B.,7,6,,i=12} coefficients are:

1 1 1 2
Bi=—— Bo=— == Y= =, 5, =2,5, =2
1= 15P27 7 7 3 72 3 2 (5.154)

Rethore et al. (2005b) have computed the spectral radius of the STXFEM approach for
an un-damped SDOF system subjected to an initial velocity. They have illustrated that the
spectral radius remains always less than 1, indicating that the method is unconditionally
stable. Similar conclusions have been made by Sukumar and Prevost (2003) and Hughes
(2000).
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Figure 5.18 Comparison of normalised dynamic stress intensity factor predicted by
STXFEM and Newmark XFEM for a) stationary crack (v, = 0), b) crack propagates with
a constant v, =1500m/s as soon as the wave reaches its tip at t =t, , ¢) crack propagates
with a constant velocity of v, =1500m/ s after t =1.5t, (Kabiri, 2009 and Rezaei, 2010).
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